A finite element step-by-step time integration scheme of a model linear viscous shallowwater system is analyzed by the approximation theory for semi-groups of linear operators. Strong convergence and 0(7? 4-r) error estimate in L 2 -sense are established.
Introduction
The aim of this paper is to present a semi-group theoretical proof of convergence of finite element approximate solutions of a model linear system arising in the study of viscous shallow-water equations.
It is widely recognized that Trotter-Kato approximation therorem for continuous semi-groups ( [16] , [8] , [9] ) and its variants are powerful tools to give mathematical analysis of numerical method applied to evolution problems if the finite element approximation is employed as the approximation method with respect to space variables. In author's previous works [17] , [18] , and [19] , this semi-group theoretical method was developed and applied to the 2nd order linear hyperbolic equation with time independent coefficients. For parabolic order linear hyperbolic equation. As for viscous shallow-water equation, which is a typical example of incomplete parabolic system, a linear model is analyzed in Kanayama-Ushijima [5] , [6] .
This work is closely related to the previous works [5] , [6] and [7] , in which our present model system is derived. In [6] , we discussed about a slightly artificial time discretization method. In the present work, we investigate a time discretization method which is very similar to the practical computational method used in Kanayama-Ohtsuka [4] .
In Section 1 of this paper, the approximation theory for semi-group of linear operators is summarized with emphasis on the application to finite element method. In Section 2, our continuous model system is described, and solved with the aid of the theory of contraction semi-group of linear operators acting on a Hilbert space. In Section 3, a finite element scheme is presented and main results are stated in Theorems 3.1 and 3.2. Section 4 is devoted to prove these theorems. In Section 5, an O(h + T) error estimate in L 2 -norm is obtained under the assumption of the existence of sufficiently smooth classical solution of the original model equations. Now we explain our notations and terminologies. The totality of continuous linear operators from a Banach space X into a Banach space Yis denoted by L(X, Y), and L(X 9 X) by L(X), the domain, the range, the null space, and the resolvent set of a linear operator A by D(A), R(A) 9 N(A), and p(A), respectively. Norms of various Banach spaces are frequently denoted by the same symbol || ||, and sometimes by, for example, || || x when we need specifications. We simply call a semi-group of class C 0 (see [20] , [9] , [11] ) a continuous semi-group in this paper.
The author would like to express his sincere thanks to Mr. H. Kanayama of FUJIFACOM Corporation, who gave the author the concrete knowledge of the viscous shallow-water equations, through a series of joint researches, and to Professor H. Fujita of the University of Tokyo, who gave the author the constant encouragement with valuable discussions and suggestions during the whole period of preparation of this work. The author is highly grateful to the referee of this paper for his constructive comment. § 1. Some Results from the Approximation Theory for Semi-Groups of Linear Operators
Let X be a real Banach space, and let {X h : Q<h<h} be a family of real Banach spaces. We say that X h converges to X as h tends to 0 in the sense of Kato (in abbreviation, we write X h -£-*X) if for any h there is a linear operator P h E L(X, X h ) (called an approximating operator) satisfying the following three conditions :
for any xeX.
fc-»0
Each The proof of this theorem can be obtained by a suitable interpretation of the well-known approximation theory of semi-groups of linear operators due to Trotter and Kato (See [16] , [8] and [9] ). In the author's previous work [17] , A-B-C theorem is proved in the setting of the notion of ^-convergence with respect to a countable suffix "n", which corresponds to the continuous suffix h in the present setting. As noted in [17] , if h is a countable suffix tending to zero, (K.3) follows from (K.I) and (K.2). In the present formulation, however, we prefer the continuous suffix h which well suits the custom of finite element analysis. Hence we require the condition (K.3). The proof of this Theorem can be found in [17] at least in the case of countable suffix "n" instead of continuous suffix h. Now we add a remark on the relation between discrete version of A-B-C theorem and Equivalence theorem due to Lax (cf. Richtmeyer-Morton [13] This estimate (1.1) implies that
Using the condition (D) and the estimate (1.2), we can establish the condition (A). Hence we have the following assertion from Theorem 1.2.
Theorem 1.3 (An equivalence theorem). Under the assumptions (T) and (D), the boundedness condition (B) is equivalent to the convergence condition (C). § 2. A Model Linear System Derived from the Viscous Shallow-Water Theory
Let Q be an open bounded domain in the plane R 2 with C°°-class boundary
T. Assume that we have a two dimensional vector field b = (b i (x)) i=ii2 and a scalar function H = H(x)
defined on the closure Q of Q with the following properties :
3) There are positive constants H and H such that
Here and hereafter we use the notation 2 
for a two dimensional vector field v = v(x), and for a scalar function q = q(x).
A physical explanation of £2, b and H are : Q is the horizontal cross section of a lake surrounded by a precipitous cliff, b is a stationary velocity of the water being averaged vertically in a sense, H is a stationary distance between the surface, and the bottom, of the lake. We take the following linear evolution problem as a model system describing the small variation from the stationary state {b, H}. (As for the derivation of (<f) from Reynolds equations, see [5] and [6] , where the surface elevation is denoted by C instead of p).
In order to treat (<f ) in the frame work of semi-group theory due to HilleYosida, firstly we prepare function spaces. Let X be the totality of 2-vector functions y = (y.). = lj2 whose components are square integrable over Q. Define the inner product of X by
Then X is a Hilbert space by (2.3). Let Q be L 2 (O) with the inner product:
Let X be the product Hilbert space X x Q, whose generic element is denoted by v=( v \veX,q€Q. Then the inner product of X is represented by 
(Q) .
Let A be the selfadjoint operator acting in X associated to the form a(u, v) with form domain D(a} -(H 0 *(Q}) 2 . Namely, we have
There is a constant C depending on u such that and (2.14)
Au=-jf(V, HV)u for ueD(A).
Since the boundary r of O is C°°, (2.15) which clarifies the meaning of (2.14). Let L be the operator acting in X with the domain
Then clearly we have
Let M be the bounded operator on X defined by Proof. The assertion is a consequence of the standard theory of contraction semi-group (see e.g. Yosida [20] , Krein [11] ).
It is to be noted that for a e D(A), u(f)=T(f)a is the unique solution of the evolution problem in X:
For a £ X, u(i) = T{f)a is said to be the generalized solution of (E). §3 ' There are positive constants a 0 and a l independent of h such that
In the above and hereafter, we employ the usual semi-norm notations of
Sobolev-spaces. Namely for weff m (Q), |wL=( y ^ ^ / ) \i+fem 8x\dx 2 o/ 2 , and for t;=(i; I -) I -=1>2 w Now we admit that the following problem (iT 0 ) is the weak formulation of ($). 
' Find u(t)
e
It is noted that the solution u(f) = {u(t\ p(t)} of (E) satisfies (17 0 ) if u(t)eD(A 0 )
for any f>0.
As a semi-discrete Galerkin approximation of (17 0 ), we put the following problem (n h ). The following two theorems are main results of this paper. Solvability of (17,,) is obvious since it is essentially a system of 1st order ordinary differential equations with constant coefficient which can be transformed to be of normal form.
Find u h (f) G V h and p h (f) GQ

Theorem 3.1. Let (u h (i), p h (t)} be a solution of (II h ) 9 and let «(*) = , p(t)} be a generalized solution of (E). If lim(||Mg-M°||
Theorem 3,2, Let (u h (t), p h (t)} be a solution of (II hjf ), and let u(t) = max i=l,2 {u(0, p(0> be a generalized solution of (E). If ]im(\\u°h-u°\\ x + \\P%-P°\\Q) = 0, then we have lim(\\u h (t) -u(t)\\ x +\\p h (f) -p(i)\\ o ) = Q uniformly in te
As an example of finite element spaces which satisfy (3.1) to (3.3), we quote here piecewise linear continuous finite element spaces with Zlamal's curved element technique (see [21] ). Let &~h be a "triangulation" of the domain Q. Here h is the representative length of the "triangulation". Curved elements due to Zlamal are adopted near the boundary F, while the simplest triangular elements are used in the interior of Q. It is assumed that there is given a regular famliy of "triangulation" of Q, {&" h \ 0</?</? max <oo], with the inverse assumption. Namely, there are two positive constants Z and A such that h T lp T <I and h/h T <A, where h T and p T denote the diameter of a "triangular" element T (the usual one or the curved one) and the maximum of diameters of inscribed circles of T, respectively. Let W h be the "piecewise-linear" continuous finite element space constructed by &~h\ W h = {\v h GC(Q): w h is a "polynomial" with degree at most I on each "triangle" of ^"/J. A little more precisely, w h eW h is a polynomial with degree at most 1 on each triangle element of ^,, while on a curved element T, w h (F r (x) ) is a polynomial with degree at most 1 on a reference triangle f, where F T : f 9 x-»x = F r (Jc)e T is the isomorphism from f onto T determined by Zlamal's method.
Let Q h = W h , and let
Then V h and Q h satisfy conditions (3.1), (3.2) and (3.
3). § 4. Proofs of Theorems 3.1 and 3.2
In this section, the space V h is considered to be the Hilbert space X h with the inner product induced from the space X. Also the space Q h is the Hilbert space with the inner product induced from Q. Let X h be the product Hilbert space of X h and Q h : *~e,,'
Let P h , and jR /J5 be orthogonal projections from X, and Q, onto X h9 and Q h , respectively. Let P h be the orthogonal projection from X onto X h . Using Aubin-Nitsche duality technique, we can deduce from conditions (3.1) (1) (An, v,) Xh <0 for v.eJf;,, By a routine argument, we have Theorem 3.1. Now we proceed to the problem (H hl \ which is represented in the following operational form (£Q : Remark. The essence of the above proof comes from the criterion for Arrow-Hurwicz algorithm given in Temam [15] . Hence it holds
From (4.23), we obtain Now we consider the case that there is a sufficiently smooth solution {u(t, x) 9 p(t, x)} of the problem (if) for a specified initial value {u 0 (x) 9 p 0 (x)}. Our requirements are the following. 
